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Abstract 



Cosmologies with a time dependent Newton constant and cosmological con- 
stant are investigated. The scale dependence of G and A is governed by a 
set of renormalization group equations which is coupled to Einstein's equation 
in a consistent way. The existence of an infrared attractive renormalization 
group fixed point is postulated, and the cosmological implications of this as- 
sumption are explored. It turns out that in the late Universe the vacuum 
energy density is automatically adjusted so as to equal precisely the matter 
energy density, and that the deceleration parameter approaches q = —1/4. 
This scenario might explain the data from recent observations of high redshift 
type la Supernovae and the cosmic microwave background radiation without 
introducing a quintessence field. 



I. INTRODUCTION 



Recent astronomical observations of high redshift type la Supernovae performed by two 
groups as well as the power spectrum of the cosmic microwave background radiation 

obtained by the BOOMERANG 0] and MAXIMA-1 §] experiments seem to indicate that at 
present the Universe is in a state of accelerated expansion. If one analyzes these data within 
the Friedmann-Robertson- Walker (FRW) standard model of cosmology their most natural 
interpretation is that the Universe is spatially flat and that the (baryonic plus dark) matter 
density p is about one third of the critical density pcrit- Most interestingly, the dominant 
contribution to the energy density is provided by the cosmological constant A. The vacuum 
energy density 

PA = A/ISttG) (1.1) 

is about twice as large as p, i.e. about two thirds of the critical density. With VLy[ = p/pcrit, 
= PA/Pcrit and f2tot = + ^A- 

Qm-I/S, ^]A^2/3, fitot~l. (1.2) 

This implies that the deceleration parameter q is approximately —1/2. While originally 
the cosmological constant problem was related to the question why A is so unnaturally 
small, the discovery of the important role played by pA has shifted the emphasis toward 
the "coincidence problem", the question why p and pA happen to be of the same order of 
magnitude precisely at this very moment 

In an attempt at resolving this naturalness problem the quintessence models have 
been proposed in which the cosmological constant becomes a time dependent quantity [[10 



Their dynamics is arranged in such a way that pa automatically adjusts itself relative to the 
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value of p. In most of the quintessence models the vacuum energy density pa is carried by 
a scalar field which has to be introduced on an ad hoc basis. 

In this paper we shall describe a different scenario which provides a natural explanation 
for the approximate equality of p and p\ and for the smallness of the cosmological constant. 
We are going to set up a very general framework for cosmologies in which both Newton's 
constant and the cosmological constant are time dependent. Within this framework, we 
shall formulate a single hypothesis whose consequences will be analyzed and which will turn 
out to imply that p and pA are approximately equal in the late Universe. In a nutshell, the 
hypothesis is that there exists an infrared (IR) attractive fixed point for the renormalization 
group (RG) flow of the (dimensionless) Newton constant and cosmological constant, respec- 
tively. Our analysis is at purely phenomenological level in the sense that it is not necessary 
to know the details of the physics which is responsible for this postulated fixed point. 

Before we formulate our hypothesis in detail we first describe the kinematic framework we 
are going to employ. It is the same framework which we used in ref. |jl2|, henceforth referred 
to as (I), for an analysis of the quantum gravity effects in the early Universe (Planck era). 



II. THE KINEMATIC FRAMEWORK 

We consider homogeneous and isotropic cosmologies described by a standard Robertson- 
Walker metric containing the scale factor a{t) and the parameter K = 0, ±1 which distin- 
guishes the three types of maximally symmetric 3-spaces of constant cosmological time t. 
The dynamics is governed by Einstein's equation R^^, — ^g^i,R = —^g^v + SttGT^u with a 
conserved energy-momentum tensor T^"^ = diag{—p,p,p,p) for which we assume the equa- 
tion of state p{t) = wp{t) where w > — 1 is an arbitrary constant. Now we perform a 
"RG improvement" |lT3| , [T^ , p!5| of Einstein's equation by replacing G G{t) and A A(t) 
where the time dependence of G and A is such that the integrability of the field equations 
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is maintained. This leads to the following system of equations: 



(-) +- = -A + —Gp 2.1a 

p + 3(l + w) (-) p = (2.1b) 

A + 8npG = (2.1c) 

G{t) = G{k = kit)), A{t) = A{k = kit)) (2. Id) 



Eq. ( p.lap is the standard Friedmann equation with a time dependent A and G, and Eq. ( |2.1bD 



expresses the conservation of T^'^ . Eq.( |2.1cD is a novel consistency condition which is dictated 



by Bianchi's identity. It guarantees that the RHS of Einstein's equation has vanishing 
covariant divergence. The system of equations (2.1a,b,c) has already been studied in the 



literature 0,|lj]. Our crucial new ingredient ||T2[ are the RG equations (|2.1d|) . Their 
meaning is as follows. 

We describe gravitational phenomena at a typical distance scale I = k~^ in terms of a 
scale dependent effective action rfc[5f^;^] which should be thought of as a Wilsonian coarse 
grained free energy functional. The mass parameter /c is a IR cutoff in the sense that 
encapsulates the effect of all metric fluctuations with momenta larger than k while those with 
smaller momenta are not yet "integrated out". When evaluated at tree level, describes 
all processes involving a single characteristic momentum k with all loop effects included. 

In |jl3|, Ffc has been identified with the effective average action |l^ for Euclidean quantum 



gravity and an exact functional RG equation for the fc-dependence of F^ has been derived. 
Nonperturbative solutions were obtained within the "Einstein-Hilbert truncation" which 
assumes F^ to be of the form 

F, = (167rG(A;))-i j d^x^{-R{g) + 2A(A;)} (2.2) 
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The RG equations yield an explicit answer for the fc-dependence of the running Newton 
constant G{k) and the running cosmological constant A{k). Within the Einstein-Hilbert 
approximation, the renormalization effects are strong only if k is close to the Planck mass 
mpi. In (I) we argued that they are important for an understanding of the Planck era 



immediately after the big bang. However, there are indications |T^ that quantum Einstein 
gravity, because of its inherent IR divergences, is subject to strong renormalization effects 
also at very large distances. In cosmology those effects would be relevant to the Universe 
at late times. It has been speculated that they might lead to a dynamical relaxation of A, 
thus solving the cosmological constant problem |jl9|. An analysis of such IR effects in the 



framework of the effective average action is not available yet. It would require truncations 



which are much more complicated than (|2.2| ) and which contain nonlocal invariants , for 
instance. 

Nevertheless, in order to describe the idea of the "RG improvement" let us assume that 
we actually know the functions G{k) and A(fc) for all values of k, in particular for k 0, i.e. 
in the IR. The idea is to express the mass parameter k in terms of the physically relevant 
cutoff scale. In (I) we argued that, in leading order, the correct cutoff identification in a 
Robertson- Walker spacetime is 

k{t) = e/t (2.3) 

where ^ > is an a priori unknown constant. Inserting (|2.3| ) into G{k) and A(fc) we obtain 
the time dependent quantities G{t) = G{k = ^/t) and A(t) = A(A; = ^/t). This is precisely 
what is meant by the last two equations of the system (2.1), Eg. ( p. Id]) . (See (I) for further 
details.) 

The cutoff identification (2.3) applies in the case of perfect homogeneity and isotropy for 
which /ccosmo = k{t) = C,/t is the only relevant scale. Allowing for (large, nonlinear) density 
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perturbations (5p(x, t) of a typical wave length Apert we introduce a new scale fcpert = 27r/Apert 
into the problem. Similarly, immersing a localized matter distribution (a massive body) of 
total mass M into the cosmological fluid gives rise to the scale ku = M. In the situations of 
interest the latter two mass scales are much larger than the cosmological one: fcpert,fcM S> 

cosmo • 

In a situation with more than one possible physical cutoff scale the general theory of 
the effective average action [18] implies that the relevant action is Tk where k is the largest 
one of the various competing scales. Hence in order to describe the physics of density 
perturbations of the localized matter distribution one has to use T/j; at k — ^pert and k — 
respectively, rather than at A; = /Ccosmo- In this case one needs to know G{k) and A(A;) for k 
near fcpert, ^ ^cosmo ^-e. in a very different regime. 

In the present paper we are interested only in the large scale dynamics of the Universe. 
In the next section we are going to formulate a hypothesis on the running of G{k), A{k) 
for k near fccosmo- The only assumption which we make about the RG flow of G and A at 
"non-cosmological" scales k ^ A;cosmo (e.g. for k ~ /i^pert^^M) is that at those scales the 
/c-dependence is very weak or zero so that standard gravity is recovered at sub-cosmological 
scales. 

At this point we emphasize that it is not important for the present discussion which 
physical mechanism actually causes the k- or t- dependence of G and A. In particular, we 
also cover the possibility of an entirely classical origin of this running. In fact, it has been 
pointed out that G and A naturally acquire a scale dependence if one starts from a 

density distribution which is inhomogeneous at small distances and then performs spatial 
averaging over 3- volumes of increasing linear extension i = k~^. The classical dynamics of 
the averaged quantities leads to a nontrivial RG flow of G and A. Since the Universe is 
certainly not homogeneous at small distance scales, knowledge of this RG flow is impor- 
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tant if one wants to parametrize observational data obtained at those scales in terms of a 
homogeneous FRW model; it was argued that this classical scale dependence might resolve 



the controversy about the value of the Hubble constant pT|. Another intriguing result is 
that, after spatial averaging, the backreaction of long wavelength scalar and tensor cosmo- 
logical perturbations amounts to an effective negative energy density which counteracts any 



pre-existing cosmological constant p2 



III. THE FIXED POINT HYPOTHESIS 

The above remarks complete our motivation of the system of equations (2.1). We shall 
now formulate a hypothesis about the RG behavior of G and A whose dynamical origin 
is left open. Introducing dimensionless quantities g{k) = k'^G{k) and X{k) = A{k)/k'^ the 
hypothesis is that for — > both g and A run into an IR attractive non-Gaussian fixed 
point, i.e. that for a wide range of initial conditions 

lim«(fc)=5^ \imX{k) = Xf (3.1) 

B— >0 fe— >o 

where and Aj,^ are strictly positive. While there are encouraging indications pointing 
toward the existence of this fixed point [T^, a rigorous proof would be a formidable task. 



however, probably comparable to a proof of confinement in QCD. In the following we explore 
the cosmological implications of ( p.l| ) which, as we shall see, provide further evidence for 
the fixed point hypothesis from the phenomenological side. 

The postulated fixed point is the IR counterpart of the UV attractive non-Gaussian fixed 
point which is known to exist in the Einstein-Hilbert truncation of pure quantum gravity 
I3|p^ . For a large class of trajectories p5|] . 



hm gik) = hm A(A;) = A^ (3.2) 

fe— >oo fe— +00 
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More generally, we assume that the exact cosmologically relevant RG trajectory in {g, A)- 
space smoothly interpolates between {g^^^ , Aj/^) for k —>■ oo and {g^J^, X]^) for A; — * 0. The 
UV fixed point is important for the very early Universe {t — >■ 0) while the IR fixed point 
determines the cosmology at late times {t —>■ oo). 

It is reassuring to note that a similar crossover between two non-trivial RG fixed points 
has actually been shown to exist in 2-dimensional Liouville quantum gravity [Q. Its RG 
trajectory connects two conformal field theories with central charges 25 — c and 26 — c, 
respectively, where c is the central charge of the matter system. 

In the vicinity of either of the two fixed points the evolution of the dimensionful G and 
A is approximately given by 

G{k) = % A{k) = A, k^ (3.3) 

Here and in the following the fixed point values are denoted g^ and A* if the corresponding 
formula is valid both at the UV and at the IR fixed point. From ( p. 3D with ( |2.3| ) we obtain 
the time dependent Newton constant and cosmological constant: 

Git) = g^-' A(t) = M! (3.4) 

The power laws (|3.4]) are valid both for t \ and, with different coefficients, for t — > oo. 
By assumption, the time dependence of G and A at intermediate times is given by smooth 
functions G{t) and A{t) which interpolate between the UV and IR power laws. If we use 
these functions G{t) and A(t) in the coupled system (2.1), its solution gives us the scale 
factor a{t) and the density p{t) of the "RG improved cosmology". 

To be precise, our hypothesis about the RG trajectory k \—>- {G{k), A.{k)) consists of two 
parts. For k ^ fccosmo we assume the validity of the IR fixed point behavior (3.3). For 
k ^ A^cosmo the assumption is that G and A depend on k only extremely weakly or are 
/c- independent. In this manner we recover standard gravity with G, A=const at the length 
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scales smaller than the cosmological scale cx t. In particular G and A are essentially constant 
at fcpert and ku so that the dynamics of localized matter distribution remains unchanged 
and there is no conflict with the classical tests of general relativity. Stated differently, the 
hypothesis is that the nontrivial runnning is due to quantum fluctuations with momenta 
between /Ccosmo and fcmax where 1 / k^ax is the length scale characterizing the largest localized 
structures in the Universe of which we know for sure that standard gravity applies. 

IV. COSMOLOGICAL SOLUTIONS IN THE FIXED POINT REGIME 

It is important to note that the system (2.1) is actually overdetermined: it consists of 5 
equations for the 4 unknowns a, p, G and A. This leads to nontrivial consistency conditions 
for admissible RG trajectories and cutoff identifications. (See (I) for a detailed discussion.) 
In (I) we showed that if G{t) and A{t) are given by ( p.4|) the system (2.1) has indeed a 
consistent solution provided ^ assumes a specific value. Quite generally the consistency 
conditions have the very welcome feature of fixing the ambiguities in the modeling of the 
cutoff (here ^) to some extent. 

For the case of a spatially flat Universe {K = 0) the consistency condition reads 

e = — - — (4.1) 

If it is satisfied, the system (2.1) with { WM has the following almost unique solution 

a{t) = [{^^\l + wYgA.M\"'^'^''"U'/^^^^-^ (4.2a) 

Git) = l{l+wfgA*t^ (4.2c) 

o 

3(1 + wy 
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Apart from the parameter w and the product g^X*, the solution (4.2) depends only on a single 
constant of integration, M., whose value affects only the overall scale of a{t). Numerically 
it equals 87rp(t)[a(t)]^+^"' = M which, hke in standard cosmology, is a conserved quantity 
for the system (2.1). 

The solution (4.2) has several very interesting and attractive features. Introducing the 
critical density 



we find for any value of w, g^:K, and M. that Pcrit(^) = 2p(t) and pa(^) = p{t). Hence 



Thus the total energy density ptot = P + Pa equals precisely the critical one: ptot(^) = Pcrit(^)- 
This latter equality does not come as a surprise because also the RG improved Friedmann 
equation can be brought to the form 



so that Ptot = Pcrit holds true for any solution with K — 0. On the other hand, the exact 
equality of the matter energy density p and the vacuum energy density p\ is a nontrivial 
prediction of the fixed point solution. In terms of the relative densities. 




3 



(4.3) 



1 

P = PA = -Pcrit 



(4.4) 



K [ptot/Pcrit - 1] 



(4.5) 




(4.6) 



Also the Hubble parameter of the solution (4.2) 
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1 



(4.7) 



3 + 3w t 



and its deceleration parameter 
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are independent of A* and A4. It can be shown that the standard formula for q in terms of 
the relative densities continues to be correct for the improved system (2.1) with an arbitrary 
RG solution (2. Id): 

g = ^ (3u7 + 1) l^M - (4.9) 

Clearly (g^) is satisfied by (g^ with (pj). 

Another interesting feature of the fixed point solution is that it yields a universal, time 



independent value of the "Machian" quantity p G t P7 



Pit) G{t) = \ (4.10) 

Since the 1-parameter family of cosmologies (with parameter }A ) described by (4.2) is 
the most general solution of the system (2.1) with the fixed point running (|3.4| ) we conclude 
that every complete solution of (2.1), valid for all t G (0, oo), approaches one of the solutions 
(4.2) either for t \ or for t — oo, depending on whether the fixed point is UV or IR for 
the trajectory considered. Thus the fixed point solution (4.2) is an attractor in the space of 
the functions {a, p,G,A). 

Note that the product G{t)A(t) = G{k)A{k) = g^X^ is constant in the vicinity of any 
fixed point. Its actual value is characteristic of this fixed point. While, for pure gravity, 
g^^X^^ = 0(1) at the UV fixed point of [12], the hypothetical IR fixed point of the coupled 
gravity-matter system has (^ll^Aj,^ = O(10~^^°). It is important to understand that the 
smallness of this number does not pose any finetuning problem as in the standard situation. 
In fact, in our approach both g^^ X^^ and g^J^ A^^ are fixed and well-defined numbers which, 
at least in principle, can be computed from the RG equation. However, apart from being 
a difficult task technically, their actual determination is possible only once we know the 
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complete system of all matter fields in the Universe. The number 10~^^° reflects specific 
properties of this matter system coupled to gravity rather than an initial condition. 

In the following we focus on the possibility of an IR attractive fixed point which governs 
the cosmo logical evolution for t oo. Whether or not there exists in addition an UV 
fixed point approached for t \ is not important in this context. Assuming the existence 
of the IR fixed point and the validity of the equations (2.1) we are led to conclude that 
the late Universe, for which the RG trajectory is already sufficiently close to the fixed 
point, is described by the power laws (4.2). This leads to the unambiguous prediction that 

= = 1/2 for every value of w. Moreover, if we make the additional assumption that 
the late Universe is matter dominated (w = 0), Eq. ([4.8| ) yields a oc t^^^ with the deceleration 
parameter —1/4. Hence, near the fixed point, 

nM = nA = ^, ^ = -\ («^ = o) (4-11) 

Without any further input from the RG equations (which would require detailed knowledge 
of the matter sector) we cannot assess at which time tpp the fixed point behavior sets in. 
At tpp a generic solution, arising from arbitrary initial conditions, starts looking like (4.2). 
However, it is very intriguing that the prediction ( ^4.11| ), valid for t > tpp, is quite close to 
the values ( |1.2| ) favored by the recent observationsB. In particular, the fixed point structure 
provides a natural explanation for the mysterious equality (or approximate equality) of p 
and Pa- This success supports the idea that the present-day Universe is in the, or at least 
close to the IR fixed point regime. 

The deviation of the observed values (|1.2|) from Qm = = 1/2 could be due to the fact 



*Note that the values (|1.2D are still afflicted with large error bars |]l|. In the (JIm, f^A)-plane, the 
values ( [4.11| ) lie within the ellipse corresponding to the 2a confidence region. 
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that the fixed point behavior is not fully developed yet so that the Universe still has some way 
to go before the finer quantitative details of the solution (4.2) are realized. However, given 
the large observational uncertainties it is also well possible that more precise observations 
will lead to modified values of Qu and which are closer to = = 1/2. 

A further testable prediction of the fixed point hypothesis is the time variation of New- 
ton's constant. From (4.2) we obtain 

^ = l = l{S + 3w)H{t) (4.12) 

The experimental upper bound from laboratory and Solar System experiments for the 
present-day value of this quantity |^ is of the order of \G/G\ ^ (lO^^yr)^^. Hence even the 



technology available today is not very far away from being able to verify or falsify ( [4.121) . 



One should bear in mind, however, that the G in Eq. ([4.12|) refers to a different length scale 



than the one measured in Solar System experiments, say. 

In this context it is interesting to remark that recently a Brans-Dicke theory with a 
quadratic self-coupling of the Brans-Dicke field has been constructed p9[ which admits a 
solution very similar to our fixed point solution (4.2) and which predicts the same time 
dependence of Newton's constant. 

Up to now we discussed the spatially fiat Universe only. The K = 0-solution (4.2) 
exists for every value of the parameter w. The situation is different when we now look for 
solutions with K = ±1 corresponding to spatially curved Universes. In (I) we have shown 
that consistent solutions to the system (2.1), (|3.4|) with = +1 or = — 1 exist only if 
w = +1/3, i.e. for a radiation dominated Universe. Assuming the validity of (2.1) and of 
the fixed point hypothesis, and excluding the possibihty of w = +1/3 for t oo, we see 
that the Universe can fall into the basin of attraction induced by the IR fixed point only if 
it is spatially fiat, i.e. if K = 0. By Eq.( ^4.5| ) this is equivalent to ptot = Pcrit, as it would be 
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in standard cosmology. 

It is important to stress that the fixed-point scenario sets in at scales that are much larger 
than the characteristic scales of local gravitational interactions. One cannot expect that any 
simple scaling law, or cutoff identification, can be used in a general gravitating system when 
we are probably far from any fixed point in the G and A evolution. Instead we assume that 
G and A can be RG evolved only through the large scale evolution of the Universe, which 
would then provide a natural scaling law and a meaningful cutoff identification by means of 
the cosmological time. In fact at much smaller scales than galaxy cluster scales neither we 
can establish the fiow equations, nor we could guess a meaningful identification of the cutoff 
since several "crossover" regions can be present, which would drive us away from the fixed 
point law and would make any identification of the cutoff problematic. 

It is nevertheless possible to describe the evolution of weak, localized density perturba- 
tions dp ^ p within our framework in a consistent way. The reason is that, at the linearized 
level, the effective cutoff scale is still given by /Ccosmo rather than the scales associates with 



Let us consider a "fundamental observer" describing the cosmological fiuid fiow lines. 
Its 4- velocity is — dx^/dr, u^u^ — —1 where r is the proper time along the fiuid fiow 
lines. The projection tensor in the tangent 3-space orthogonal to u^^ is h^i, — g^i, + UfjU^ 
with h^yh" „ = h^fj and h^^u" = 0. The energy-momentum tensor then reads T'^'^ — 
p u^vy -\- p h^" , where p — p -\- 5p{x^) and p — p -\- 5p{x^) being p and p the pressure and 
the density of the unperturbed universe. Prom the Bianchi identities and the conservation 
law ViyT^*^ = we have the following propagation equations 



5p. 



u"" (V^A + 87rp VuG) = 



(4.13) 




(4.14) 
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for the direction and for the tangent orthogonal 3-space, respectively, together with 

GA = Kg, (4.15) 



coming from the fixed point behavior ( |3.3|) . From (4.14) we thus see that in the late Universe, 
which is of interest for us, when p = is a good equation of state, there are no space gradients 
of the cosmological constant up to first order perturbation theory. In fact since 5p and 
the space gradients of G and A are assumed to be of the same order, 5p h^^V^G is of second 
order. Therefore, by differentiation of ( [4.15| ) and subsequent projection onto the 3-space, one 



concludes that also the space gradients of G are negligible in this approximation. This result 
implies that the description of local gravitational interactions depends only on the global, 
large scale, time evolution of G and A and it does not introduce additional effects coming 
from the space gradients of G and A that could in principle appear in the description of 
local deviations from homogeneity. One can then discuss the standard scenario of structure 
formation with the large scale structure evolution provided by the solution (4.2). 

We also emphasize that the standard experimental value of Newton's constant, Gexp? does 
not coincide with the value G{k = ^/to) which is relevant for cosmology today, i.e. for t = t^. 
Gcxp is measured (today) at fcgxp oc where the length i = 4oi is a typical solar system 
length scale, say. Thus, in terms of the running Newton constant, Gcxp = G{k = ^'/4oi), 
since isoi ^ ^o; and since in presence of several scales the relevant cutoff is always the larger 
oneS. It is only the cosmological quantity G{k = C,/t) which grows oc t"^ in the fixed point 
regime, not Gcxp- This remark entails that a t^-growth of the cosmological Newton constant 
in the recent past does not ruin the predictions about primordial nucleosynthesis which 
requires that G{k = ^/tnuci) coincides with Gcxp rather precisely. In fact, at the time t = tnuci 



^See ref.[14] for a detailed discussion of this point. 
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of nucleosynthesis the cosmological Newton constant was indeed G{k = ^/tnuci) ~ G'exp since 
c^nuci a-nd £soi a-re of the same order of magnitude (a few hght minutes). 

V. DISCUSSION AND CONCLUSION 

In this paper we modified Einstein's equation for a Robertson- Walker spacetime by al- 
lowing for a scale-, and hence time-dependent Newton's constant and cosmological constant. 
The scale dependence of G and A follows from a renormalization group which could be of 
either classical or quantum origin. We postulated that the RG flow at large distances is 
governed by an IR fixed point and we investigated the cosmological implications of this as- 
sumption. It turned out that, in the fixed point regime, the vacuum energy density pA equals 
precisely the matter density p and that they decrease proportional to while Newton's 
constant increases oc t^. Assuming that the present Universe is in that regime, this scenario 
leads to a natural resolution of the coincidence problem ("Why is p/pA = today?") 
and of the cosmological constant problem in its original form ("Why is A so small?"). It 
predicts that the universe is spatially flat. 

Obviously cosmologies of the type found here are very attractive from the phenomenolog- 
ical point of view. This success provides a strong motivation for further attempts at actually 
proving the existence of the postulated IR fixed point and the validity of the improved system 
of cosmological evolution equations, Eqs.(2.1). 

In the present paper we assumed the existence of a cosmologically relevant IR fixed point, 
while in (I) we investigated the consequences of a UV fixed point for the Planck era directly 
after the big bang. The UV fixed point has been shown to exist in (the Einstein-Hilbert 
truncation of) pure quantum gravity. The assumption that the matter contents of the 
Universe is such that there exists both the UV and the IR fixed point leads to a particularly 
symmetric cosmological scenario: The Universe begins and ends at two different attractors. 
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attractive for t \ and t — > cx), respectively, and its evolution between them is a kind of 
crossover between two fixed points. 

Before closing let us see what happens if we relax our hypothesis to some extent. Up to 
now we assumed the IR fixed point to be attractive in all directions in the space of coupling 
constants. It might be that actually there are also unstable directions so that for t — oo the 
Universe is eventually driven away from it. Nevertheless, if it stays for a sufficiently long 
time close to the fixed point, the solution (4.2) might still be a rather accurate description 
of the present Universe even though its ultimate fate for t oo cannot be predicted then. 

As a more radical step, let us give up our idea that the t-dependence of G{t) and A{t) 
arises from some RG trajectory G{k) and A(A;) by identifying k = k{t). We retain however 
the three differential equations (|2.1a|) , ( p.lbj ), and ( p.lc|) . The system (2.1a,b,c) without 
( p.ldp is underdetermined so that an additional condition on a, p, G and A may be imposed. 
Without providing a physical explanation, it was assumed in ref. fl^ that Newton's constant 
varies according to a power law G oc with an arbitrary, not necessarily integer exponent 
n. With this additional condition the system (2.1a,b,c) with K = has the following 
2-parameter family of solutions (The parameters are A4 and C > 0.) : 



3(l+w 



i2 



l/(3+3«>) („+2)/(3+3«;) 



L2(n + 2) J ^ ^ 
127r (1 + w)^ C 

G{t) = Ge (5.1c) 

. , , n(n + 2) 1 . ,x 

The solution (4.2) resulting from the fixed point hypothesis corresponds to the special case 
n = 2 and G = 3(H-w)^(7*A^,/8. Note that the exponent n = 2 is an unambiguous prediction 
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of the fixed point scenario. It is obtained even if we use an identification of k in terms of 
t which is different from k = C,/t. The reason is that ( |3.3|) imphes GA = g^^X^, = const for 
every function k = k{t), but according to (5.1) the product GA is constant only if n = 2. 
For the cosmology (5.1) one easily computes 

o 2 n l + 3w-n 

i^M = — = — ^kot = 1, q = — — (5.2) 

n + 2 n + 2 n + 2 

For n 7^ 2, p and pA are no longer equal: Qa/^m = n/2. It is amusing to note that setting 
n = 4 and w = yields 

12 1 

f^M = -, = -, ^ = ~2 {n = 4:,w = 0) (5.3) 

which equals quite precisely the values (1.2) favored by the present experimental data. 

Once more we see that a more accurate experimental determination of Qu and is 
highly desirable. In case the values ultimately stabilize near = = 1/2 this would be 
an important step toward confirming the fixed point scenario. If instead they remain close to 
their present values ( |1.2|) it might be worthwhile to reconsider the more general cosmologies 
of the type (5.1) with n = A. However, at present there seems to be no theoretical argument 
which would single out G (x t"' and = 4. While the classical cosmological tests related 
to the early Universe (nucleosynthesis) are most probably insensitive to the modifications 
caused by the IR fixed point, measurements of G/G at different length scales are another 
important test for the validity of the fixed point hypothesis. 

ACKNOWLEDGEMENTS 

M.R. would like to thank the Department of Theoretical Physics, University of Catania, 
the Department of Theoretical Physics, University of Trieste, and the Astrophysical Obser- 
vatory of Catania for their hospitality while this work was in progress. He also acknowledges 
the financial support by INFN, MURST, and by a NATO traveling grant. 



17 



REFERENCES 



[4 



S.Perlmutter et al., Astrophys.J. 517 (1999) 565. 
A.Riess et al., Astron.J. 117 (1999) 707. 



For a review see A.Riess, astro-ph/0005229 



Rde Barnardis et al. Nature 404 (2000) 955; 
A.E.Lange et al., |astro-pli/ 000500^ . 



S. Hanany et al., |astro-ph/0005123 



S.Weinberg, Rev.Mod.Phys. 61 (1989) 1; ^stro-pli/96lira . 



V.Salini, A.Starobinsky, |astro-ph / 990439^ ; N.Straumann, |astro-ph / 990834^ . 



l.Zlatev, L.Wang, R J.Steinhardt, Phys.Rev.Lett. 82 (1998) 896; 
C.Armendariz-Picon, V.Mukhanov, P. J.Steinhardt, Phys.Rev.Lett. 85 (2000) 4438; 
C.Armendariz-Picon, V.Mukhanov, P. J.Steinhardt, Phys.Rev. D63 (2001) 103510; 
P.J.Steinhardt, L.Wang and l.Zlatev, Phys.Rev. D59 (1999) 123504; 
RBrax, J.Martin, A.Riazuelo, Phys. Rev. D62 (2000) 103505. 



[9] A.Hebecker, C.Wetterich, |hep-ph/0003287| and |hep-ph/0008205 



[10] M.Reuter, C.Wetterich, Phys.Lett. B188 (1987) 38. 



[11] For a recent review, see R.Brandenberger, |hep-ph/ 9910410] 



[12] A.Bonanno, M.Reuter, |hep-th/0106T^ 



[13] M.Reuter, Phys.Rev. D57 (1998) 971, |hep-th/9605030| ; for a brief introduction see 
M.Reuter in Annual Report 2000 of the International School in Physics and 
Mathematics, Tbilisi, Georgia and [hep-th/ 00 12069 . 



18 



[14] A.Bonanno, M.Reuter, Phys.Rev. D62 (2000) 043008 and |hep-th/0002T96 



[15] A.Bonanno, M.Reuter, Phys.Rev. D60 (1999) 084011 and |^r-qc/9811026 



[16] A.Beesham, Nuovo Cimento 96B (1986) 17, Int.J.Theor.Phys. 25 (1986) 1295; 
A.-M.M. Abdel-Rahman, Gen.Rel.Grav. 22 (1990) 655; 
M.S.Berman, Phys.Rev. D43 (1991) 1075, Gen.Rel.Grav. 23 (1991) 465; 
R.F.Sistero, Gen.Rel.Grav. 23 (1991) 1265; 
T.Singh, A.Beesham, Gen.Rel.Grav. 32 (2000) 607; 
A.Arbab, A.Beesham, Gen.Rel.Grav. 32 (2000) 615; 
A.Arbab, kr-qc/9909044 . 



[17] D.Kalligas, P. Wesson, C.W.F.Everitt, Gen.Rel.Grav. 24 (1992) 351. 

[18] For a recent review see: J.Berges, N.Tetradis, C.Wetterich, |hep-th/ 000512^ . 



[19] N.C.Tsamis, R.P.Woodard, Phys.Lett. B301 (1993) 351; Ann.Phys. (NY) 238 (1995) 1; 
Nucl.Phys. B474 (1996) 235; 

I.Antoniadis, E.Mottola, Phys.Rev. D45 (1992) 2013. 
[20] C.Wetterich, Gen.Rel.Grav. 30 (1998) 159. 

[21] M.Carfora, K.Piotrkowska, Phys.Rev. D53 (1995) 4393, and references therein. 

[22] V.Mukhanov, L.R.W.Abramo, R. Brandenberger, Phys.Rev.Lett. 78 (1997) 1624; 
L.R.W.Abramo, R.Brandenberger, V.Mukhanov, Phys.Rev. D56 (1997) 3248; 
R.Brandenberger, |hep-th/00040T6| ; W.Unruh, |astro-ph/980"2323[ 



[23] W.Souma, Prog.Theor.Phys. 102 (1999) 181. 



[24] O.Lauscher, M.Reuter, Phy.Rev. D65 (2001) 025013 and |hep-th/0108040 
Class. Quantum. Grav. 19 (2002) 483 and |hep-th/0110021| ; 



19 



Phys.Rev. D66 (2002) 025026 and |hep-th/0205062| ; 



Int.J.Mod.Phys. A17 (2002) 993 and |hep-th/ 01 12089 



[25] M.Reuter, F.Saueressig, Phys.Rev. D65 (2002) 065016 and |hep-th/01100"54| ; 
Phys.Rev.D, in press, and [hep-th/0206145| . 

[26] M.Reuter, C.Wetterich, Nucl.Phys. B506 (1997) 483; 
A.Chamseddine, M.Reuter, Nucl.Phys. B317 (1989) 757. 



[27] H.Bondi, J.Samuel, |gr-qc/9607009| ; For a comprehensive account see 



J.Barbour, H. Pfister (Eds.), Mach's Principle, Birkhauser, Boston, 1995. 
[28] G.T. Gilhes, Rep.Prog.Phys. 60 (1997) 151. 



[29] O.Bertolami, P.J.Martins, |Kr-qc/9910056| : 



O.Bertolami, J.Mourao, J.Perez-Mercader, Phys.Lett. B311 (1993) 27; 
O.Bertolami, J.Garcia-BeUido, Int.J.Mod.Phys. D5 (1996) 363. 



20 



